)

2)

3)

INTEGRATION; Further Mathematics

Integrate the following by inspection or otherwise.

2x

2) jﬁdx. b) Iﬁdx o) jlf_—ezdx d) [ x* sinx’dr.

e) J.xzexzdx. f) j+1dx g) J-sinx cos* xdx. h) Ix2\/2 + xdx.
2 _

) 2 12x* 4cosx

l)jﬁdx' J)J-1+e k)J.4+x 1)j3+sinxdx

2
m) j—dx n) jsinhxcosh3 xdx .
I — tanx

Integrate the following by making a suitable substitution or otherwise.

a) [x/2 +xdv. 1) (lz—xzydx ¢) [ cot xdx. d) [x(x + 2)*dr.
+ x

1

¢) [ sinxvcosxdx. f) [ tanhxdr. ¢) [coshxsinh2xdr. h) [x*(1 - x):dx.
0

3 3 2
. smx cos x : :
1) .([ cos xdx. 1) .[4 + s k) J;s1n2x sinxdx. 1) .([2x\/4 — xdx.

Find the following integrals by using either substitution or your formula book.

a)j;dx, b) |

V1 = x?

1 + x?

| 1
o O e

1 1
o 0I5t
1
o | e Rl vt

. 1 , 1
) j\/16x2 ~1 ) j\/4 — 92
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4)

Find the following integrals by using the given substitution or otherwise.
[You will need the double-angle formulae for some of these!]

2_
) [2Xld,  x - sing, b [Vi-xdx,  x

= sind,
V1=x?
c) jsin3x cos” x dx, u=-cosx, d) J.cos9\/1 +sin@ dO, x = 1+sind,

dx
e) | —F7—, x =3tand, sin26+/sin@ d6, u = siné,
RN g

2

g)jxvx—ldx, u=x-1, h)j\/:iz dx, x = 2sind,
—x

cosf dx
1 do, u = sind, N|l——, X = siné,
) J.\/siné? D 'f (l—xz)%
dx dx
k)j -, u=1+¢e", l)j , x = 2sinht.
1 +e x* +4

5) Use substitution or otherwise to integrate the following.
. cosd
4x1-x% dr b F 1) dy 8T
a).[ X X , ).[x(x ) , C)'[l-irsinzé?de’
1 1 dx
d) | o7 dv, + —=)° dx, S
i Ereree o J(x+ ) D)
o) [x(1 - »° dx.
o1
6) By using the substitution x = 3cosh u, show that | ————==dx =1n 3.
J;\/ x> -9
p 1
7) By using the substitution x = 1 + sinh u, show that J. dx = In(7+5+2).
VxS = 2x + 2
Zf 1
8) By using the substitution x = cosh u — 1, show that | -——=—=dx = In3.
o VX’ + 2x
9) a) Prove that cosh '(x) = In(x + Vx? — 1).

Hence show that cosh™'(3) = ln(3 +2*F5) and find the exact value of cosh™'(3).

: T ( 1 3445
b) By using the substitution x = 4cosh u — 3, show that J. dx = ln( 3 ) .
> X’ + 6x — 7
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ANSWERS.

1)

2)

3)

4)

a)
d)
g)

)

2)

)

—%m (4-x)+K. b)
—%cos ) + K. e)
—%cos5x+K. h)
1 .

Eln(l +e )+K. k)
—In (1 —tan x) + K. n)

%(2 +x)f - g(z +2)! K.

In (sin x) + K.

—%(cos x)% + K.

3

2cosh” x LK

3
e—1
V3

4

sin”! x + K. b)
cosh™ x + K. e)
sinh™ (%) +X. h)

1 . _
Esml(%‘)vLK.

x4l = x* +K.
cos’ x

5
cos’x VK
5 3

-9 + x*

Ox
%(x — 1)+ %(x — 1) + K

2+/sin 9 + K.

x—In(1+¢€")+K.

+K.
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—\4 - x> +K. c)
le"3 + K. f)
3

2 3

(2 +x) +K i
5 (2+7) )
4In (4 +x°) + K. )

1
—cosh* x + K.
4

lln(1+e2x)+K.
2
Jx* -1 +K.

1 3
—gln(4—x)+K.

4In (3 +sinx) + K.

1
b o K
2(1 + x?)
6 5
0 (x+2)  2(x+2) ik
6 5
f) In (cosh x) + K.
ny 0
105
5
i In|—]|.
J) ( 4j
1) 256 _ 12 5 (6.507205401).
15 15
tan”' x + K. C) sinh™' x + K.
sin”! (%) + K. f) %tan_1 (%) + K.
% tan"' (2x) + K. i) i cosh™ (4x) + K.

b) %xxll -x* + %sin_1x+K.

d) %(1 + sing)’ +K.

f) %(sin 9)' +K.

hy  2sin” (2) - 244 - X° +K

i) X ik

NI

) sinh™ (%) +X.



5 a) —%(1—x2)3+1<.

C) tan”' (sin 6) + K.
2 Bl 3 L 1
e) gxz + 2x? + 6x° — 2x * +K.

(1 _ x)ll B (1 _ x)lO
& 11 10 R
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b)

d)



