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HYPERBOLIC FUNCTIONS worksheet

1) Prove the following identities from first principles, i.e. by using coshx = ( )1
2 e ex x + − etc.

a) cosh 2x ≡ 2cosh2x − 1, b) cosh (x + y) ≡ coshx coshy + sinhx sinhy,

c) sinh (x + y) ≡ sinhx coshy + coshx sinhy.

2) Using the basic identities (above!), or otherwise, prove the following identities:

a) 1 − tanh2x ≡ sech2x, b) coth2x − 1 ≡ cosech2x, c) cosh 2x ≡ 2sinh2x + 1,

d) tanh 2x ≡ 2
1 2

tanh
tanh

x
x+

, [Hint: tanh 2x = sinh
cosh

2
2
x
x etc.]

e) sinh 2x ≡ 2
1 2

tanh
tanh

x
x− , [Hint: start with the RHS and use the result from 2) a) above.]

f) cosh 2x ≡ 1
1

2

2
+
−

tanh
tanh

x
x , [Hint: cosh 2x = sinh

tanh
2
2

x
x , use the results from d) and e) etc.]

3) Given that sinh x = 5
12 , find the values of the following, giving your answers in fractional form.

a) cosh x, b) tanh x, c) sech x, d) coth x, e) sinh 2x, f) cosh 2x.

4) Given that cosh x = 5
4 , determine the possible values of sinh x. {Take care, there are two possible

answers!}

5) Solve the following equations for x.
a) sinh x = 4

3 , b) tanh x = 1
2 , c) sinh x + 4 = 4cosh x,

d) 7 + 2cosh x = 6sinh x, e) 2sinh x + 6cosh x = 9, f) 5cosh x + sinh x = 7,

g) 2cosh 2x + 3cosh x − 8 = 0, h) 3cosh2x − 7sinh x + 1 = 0, i) 4cosh x − e−x = 3,

j) 20cosh 2x − 21sinh x = 200.

BASIC IDENTITIES. (Memorise them!) cosh2x − sinh2x ≡ 1

sinh 2x ≡ 2sinh x cosh x

cosh 2x ≡ cosh2x + sinh2x.
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6) Given that tanh x = 24
25 , use the identity  1 − tanh2x ≡ sech2x to show that cosh x = 25

7 .
Hence find sinh x and deduce that x = ln 7.

7) Express each of the following in logarithmic form:
a) sinh−1 3

4



, b) cosh−1 2, c) tanh−1 1

2



.

8) Prove the identity  coth−1 x = 1
2

1
1ln x

x
+
−





 for |x| > 1.   Hence find the exact value of coth−1 2.

9) Express sech−1 x in logarithmic form for 0 < x < 1, simplifying your answer as far as possible.
[Hint: put y = sech−1 x then sech y = x. Find cosh y and sinh y in terms of x and use the identity
cosh y + sinh y = ey.]

10) Given that y = sinh−1 2,  find, in surd form, the exact value of cosh y.

11) Solve the equation  2tanh−1 x
x
−
+







2
2 = ln 2.

12) Solve the following equations,  leaving your answers in terms of natural logarithms where
appropriate.    {Remember, you can always use the ex definitions etc!}

a) 1 + 7sinh x = 4cosh2x, b) cosh x − 1 = sinh2x, c) 2cosh x = 5sinh x,

d) 3sech2x + 4tanhx + 1 = 0, e) cosh (ln x) − sinh ( )ln 1
2 x = 1 3

4 ,

f) 4tanh2 x − sech x = 1.

13) Starting from the definitions of sinh x and cosh x, show that
sinh (A + B) = sinh A cosh B + cosh A sinh B.

Hence express 5cosh x + 13sinh x in the form rsinh (x + α) where r > 0.

Use your results to solve the equation 5cosh x + 13sinh x = 12sinh 2.

14) Starting from the definitions of sinh x and cosh x, show that
cosh (A − B) = cosh A cosh B − sinh A sinh B.

Hence express 25cosh x − 24sinh x in the form rcosh (x − α) where r > 0, showing clearly that
α = ln 7.

Hence write down the minimum value of 25cosh x − 24sinh x and find the value of x at which this
occurs, giving your answer in terms of natural logarithms.
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ANSWERS.

3) a) 13
12 . b) 5

13 . c) 12
13 . d) 13

5 .

e) 65
72 . f) 97

72 .

4) ± 3
4 .

5) a) x = ln 3. b) x = 1
2 ln 3. c) x = 0 or x = ln 5

3 .
d) x = ln 4. e) x = ln 2 or x = −ln 4. f) x = ln 2 or x = −ln 3.
g) x = −ln 2 or x = ln 2. h) x = ln 3 or x = ln (1 + 2 ). i) x = 0 or x = −ln 2.
j) x = −ln 4 or x = ln 5.

6) sinh x = 24
7 .

7) a) ln 2. b) ln (2 + 3 ). c) 1
2 ln 3.

8) 1
2 ln 3.

9) ln 
21 1 x

x
 + −   

.

10) 5 .

11) x = 4.

12) a) x = ln (1 + 2 ) or x = ln 2. b) x = 0. c) x = 1
2 ln ( )7

3 .

d) x = − 1
2 ln 5. e) x = 1 or x = 6. f) x = ±ln ( )4 7

3
+ .

13) 5cosh x + 13sinh x = 12sinh (x + ln 3
2 ).

x = 2 − ln 3
2 .

14) 25cosh x − 24sinh x = 7cosh (x − ln 7).
Min value = 7 when x = ln 7.


